IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Probability distribution of the interface width in surface roughening: analogy with a Levy flight

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1991 J. Phys. A: Math. Gen. 24 L925
(http://iopscience.iop.org/0305-4470/24/16/008)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 13:47

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/24/16
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 24 (1991) 1.925-1931. Printed in the UK
LETTER TO THE EDITOR

Probability distribution of the interface width in surface
roughening: analogy with a Lévy flight

Shiomo Havlinii, Sergey V Buldyrevi, H Eugene Stanleyf and George
H Weissi

t Center for Polymer Siudies and Department of Physics, Boston University, Boston,
MA 02215, USA

1 Division of Computer Research and Technology, National Institutes of Health,
Bethesda, MD 20205, USA

Received 11 June 1991

Absiract. We present a closed-form expression for the probability distribution of the height
Juctuations in the Zhang model of anomalous surface roughening. The result—which
includes both the steady state behaviour and the time evolution to the steady state—
is based on an analogy between the (4 = 1 + 1)-dimensional ‘surface’ problem and
a d = 1 Lévy flight. In the limit case of conventional ballistic deposilion we obtain a
Gaussian distribution for the height fluctuations. Cur results are corroberated by detailed
numerical simulations.

Surface roughening and Lévy flights are two subjects of intensive current experimen-
tal and theoretical interest (for reviews see [1-3]) These two topics in statistical
physics are generally treated as separate problems, In this letter we present a theory
for surface roughening that connects this phetiomenon in 14 1 dimensions to the
properties of a simple one-dimensional Lévy flight.

Various surface growth models such as the Kardar-Parisi-Zhang (KPZ) equa-
tion and ballistic deposition are consistent with a scaling form for the RMs surface
width [4,5],

w(L,t) ~ Lf (/L) )

with the property that for 1 € ¢ € t,, w~ 7 and fort > 1., w ~ L° Here t, ~L?
is the crossover time to a ‘steady state’ in which the width is time-independent, L
is the linear size of the system, and z = o/f = 2 — « IS the dynamic exponent.
An analysis of the KPZ equation and numerical results on ballistic deposition yield
a = 1/2 and § = 1/3 for d = 1. However, recent experiments on surface roughening
suggest anomalously large values for both o and 8: o« = 0.75 and 3 = 0.6 [6-8].
Recently Zhang [9] suggested that the anomalous roughening found in experi-
ments can be explained by an uncorrelated ‘noise’ 5(r,¢) obeying a power-law dis-
tribution, p(n) ~ n~#~! where n > 1. This anomalous nois¢ can be simulated in
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a deposition context by depositing rods of size £ sampled from a power-law probability
distribution,

p(O) ~ 1, @

The growth rule is similar to the conventional ballistic deposition rule, i.e., a deposited
rod is attached to the highest nearest-neighbour surface site. The site at which
deposition next occurs can be chosen either deterministically as in {9, 10] or randomly
as in [11]. Here we use the same growth rule as in [11], and a 48-bit random
number generator which was tested by verifying that it explicitly reproduced the
probability distribution (2). The Zhang idea [9] has received recent support from both
theory [12,13] and numerical simulation [9-11], which suggest that both exponents «
and 3 are anomalously large, and depend continuously on the parameter p (at least
for p < p, = 3).

Here we derive 2 closed-form expression for the probability distribution for the
fiuctuations 6h(r,t} = h(r,t) — (h(f)} in surface height h(r,¢) at point r. Very recently,
this distribution and its spatial scaling properties were studied numerically [10]; a
power-law tail was found, but no explanation of its origin was given. To this end,
we develop a formal analogy between anomalous roughening and the statistics of a
Lévy walk [2]; at each unit of time a random walker steps a unit length, moving
£ successive steps in the same direction before randomly changing direction, with ¢
taken from a Lévy distribution p(€) ~ £-#~1. Since for u > 1, {¢) is finite, the Lévy
walk model will have the same distribution as the Lévy flight [2] where the walker
makes £ steps in one unit of time. The probability density P(r,n) that the walker is
at position r after n steps has a tail distribution of the form [14,15]

1 r y~-u-1
Plr,n) ~nfr*t = = () r>r (3a)

where ., ~n'/? for p > 2 and r, ~n'/* for p < 2.

Consider first ¢ = 1, which corresponds by definition to the deposition of L rods—
cach of length /; where ¢£; is a random variable chosen from (2). Since the lengths of
the rods obey a Lévy distribution, so aiso the set of differences in the lengths of the
rods (which is the set of numbers éA(r,¢ = 1)) must obey a Lévy distribution. Hence
the probability density P{ék,L,t = 1) for 64 is exactly the distribution of a Lévy walk,
and from (3a)

1L (s N\

Pléh Lt = 1)~ —— .
VTR T T e \ Lk )

[6h > LV/#),

—

Now consider time ¢ = 2, corresponding to two layers of rods. The distribution of
the sum of two rods is also a Lévy distribution with L scaled by a factor of two [2].
Hence equation (3b) holds provided L is replaced by 2L.

For the simplest ‘random deposition’ model, equation (3b) still holds for any
i, with L repiaced by N, where N = (L is the totai number of deposited rods.
For the Zhang variant of ballistic deposition, we assume that the distribution does
not change—only that time and space are now correlated due to the growth rule
or the KPZ equation. Therefore a surface fluctuation can grow laterally only until
a steady state is achieved, at time ¢, ~ L*. For t > t,, the behaviour is quite
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different: equation (3b) will hold but with L replaced not by tL but rather by ¢, L =
L**+! = [3-= The probability distribution becomes independent of time, assuming
the asymptotic form

1 sh
POR,L1> b) ~ Th=ayiu (L(3—ur)/.u) [6h > LE=/H], 4)

Since for ¢ > (,, 6h ~ w ~ L*, we find from the scaling form of (4) a self-consistent
equation for o, o = (3 — o)/ or

o= — [ >2). ()

Equation (5) was derived as a jower bound by Zhang and Krug [12,13]. Note that «
assumes its classical valve o = 1/2 at g = p_ = 3. Substituting (5) into (4), we obtain
the scaling form

P(6h,L : ) 6
Lot > ) ~ s \ fien ) ©)

To obtain the probability at early time 1 <« < t,, we use again the time-space
relation ¢, ~ L7 of (1). Thus L in (3b) should be replaced by N = 1L = ut'/* yielding

1 ( s 4!
P(éh’t) ~ ez uz | e(s4 1) uz ’ (7)
£ \! /
Since 6k ~ t# we obtain,
z2+1 3
B = i > 2] (8)

The above considerations, equations (4)-(8), are valid for 4 > 2. For u € 2, the
relation ¢, L ~ L**! fails since ¢, is bounded from below by L. A ‘rare’ fluctuation
produced by a very long rod cannot disappear faster than the time it takes for the
‘tree growth’ appearing on the top of that rod to overlap the system. The horizontal
width of such a ‘tre¢’ typically grows by one site in each time step, so ¢, = L. Thus

. . 1 — 2
one must repeat the arguments leading to equations (4)-(8) using ¢ L = L* from
which follows
2
a:ﬁ:; [n<2]. (9

Note that (9) complements the Zhang-Krug prediction for values of p below 2.
From (1) we calculated o and §; the results, plotted in figure 1, are compared with
the prediction given by equations (5), (8) and (9).

The analogy to Lévy walks predicts not only the tails of the probability densities
but also their behaviour in the range of small fluctuations. In this range, the distribu-
tion of Lévy walks P(r,n) is known to be Gaussian [14, 15], predicting that P(éh,L, ¢)
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Figure 1. Comparison of numerical results for exponents o (@) and 3 (O) with
theoretical predictions given for ¢ 2 2 by equations (5) (solid line) and (8) (dotied line),
and for p € 2 by (9) (solid line). The results for x > 2 are taken from Buldyrev er af
[11).

is also Gaussian. Thus equations (6) and (7)—as well as the crossover from Gaussian
to power law—can be combined to a single scaling relation

1 Sh
P(sh,L,1) ~ ~F (;) : (10a)
Here w = w(L,¢), is the first moment of P(6A4,L,t); our numerical results for w
support (1). The scaling function in (10a) obeys

exp(—ay?) [y <y.]
Fy) ~ (105)

yme=t [7 > ¥x)-

Y

The crossover from Gaussian to a power law occurs at a value y, of y = §i/w which
increases as u increases as expected from the analysis in [14,15]. We use in our
simulations the first moment of P(6h,L,t) because it converges in the whole range
of studied values of x while the second moment diverges for ¢ < 2. For g > 2 both
moments have the same behaviour.

The data collapse shown in figure 2 supports (10). Moreover, plotting the data
in figure 3(a) as loglog[P(6k,L)/P(0,L)] versus logsh for several values of L shows
a clear range of slope 2, supporting a Gaussian form for small é4. Some deviations
from scaling form given by (10} may be due to finite-size corrections to scaling or to
multifractality at small distances found by Barabdsi et al [16].
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Figure 2. Log—log scaling plot of wP(éh,L,t) against |8h|/w. Here w is the first moment
of P(éh,L,t) for (@) p= 1.5 and {(b) p = 3. Symbols in (@) are: + (L. = 1028,1 = 64);
O (L = 2048,r = 256); x (L = 2048,r = 1024} a(L = 256,+ > 4096);,0 (L =
5121 > 4096); O (L = 1024,¢ > 4096). Symbols in (b) are: [J (r = 32,L = 2048); &
(¢ = 128,L = 2048); O (t = 512,L = 2048); + (1 > 16384, L = 512); x (1 > 16384, L =
1024); ¢ (¢ > 32768, L = 2048). The straight lines have slopes of (a) 2.5 and (b) 4, as
predicted by (6).

It can be seen from figure 3(b) that as i increases, the Gaussian region of the
probability distribution also increases. Thus we expect that in the case of conventional
ballistic deposition (1 = oo) the distribution will be Gaussian:

P(8h,t) ~ ﬂ% exp[—a(§h)? /123 [t <] (11a)
and
P(6h,L) ~ ﬁ exp[—a(éh)? /L) [t > e, ~ L. (11b)

In figure 3(c) we present numerical data supporting (11).

In summary, we present an analogy between the random surface problem in 141
dimensions and the simple 4 = 1 Lévy walk. The analogy predicts an analytic form for
the probability density for the height fluctuations in anomalous surface roughening,
The probability density crosses over from a Gaussian for small 6k to an asymptotic
power-law Lévy distribution for large é4. For the conventional ballistic deposition
model, this analogy is with a conventional random walk with unit step lengths—and
the probability distribution is Gaussian. Our approach suggests that for 4 < 2 a
new singular class of surfaces does exist. We cannot rule out the possibility that the
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Figure 3. (@) Log-log scaling plots of
log[P(8h = 0,L,1)/P(sh,L,1)] versus |8k /w for
w = 3 for different system sizes L. and times ¢.

| The straight line has the slope 2, as should be

for Gaussian distribution. The symbols are the
same as those used in figure 2(b). (b) Log-
tog plot of log[P(sh = 0,L,t)/P{6h,L,1)] as a
function of [6k|/w for different values of p (the
data for each value of p obtained for L = 1024
and large ¢, greater than £ ): O (r = co); X
(u=6) + (u=5;0(u=4x0(r=3)4
{p = 2). The crossover value of §i/w at which
the behaviour changes from Gaussian (straight
line with slope 2) to power law increases grad-
ually with the value of u. (c) Log-log plot of
log[P(6h = O,L,t)/P(8h,L,1)] as a function of
|6h]fw for g = oo, which is the case of conven-
tional ballistic deposition. Here w scales accord-
ing to (1) with « = 1/2, 4 = 1/3. The Gaus-
sian behaviour is found in the entire range of 5k
O (t = 64,L = 4096); & (1 = 256,L = 4096, O
(¢ = 1024,L = 4096); + (L = 512,# > 16384);
x (L = 1024,r > 16384); O (L = 2048,z >
32768); @ (L = 4096,1 > 32768).
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same scaling form of distribution (10) is also valid for the Zhang model in higher
dimensions [17], although the surface itself can no longer be considered as a record
of a linear walk or a flight.

We wish to thank NSE ONR, and BSF for support, and J Kertész and T Vicsek for
valuable discussions.
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